We theoretically study spin and charge transport induced by a twisted light beam irradiated on a disordered surface of a doped three dimensional topological insulator (TI). We find that various types of spin vortices are imprinted on the surface of the TI depending on the spin and orbital angular momentum of the incident light. The key mechanism for the appearance of the unconventional spin structure is the spin-momentum locking in the surface state of the TI. Besides, the diffusive transport of electrons under an inhomogeneous electric field causes a gradient of the charge density, which then induces nonlocal charge current and spin density as well as the spin current. We discuss the relation between these quantities within the linear response to the applied electric field using the Keldysh-Green's function method.
I. INTRODUCTION
Emergence and manipulation of spins are a major research topic in spintronics. Applying a controlled light is one of the promising techniques to manipulate spins. Recently, the spin angular momentum of a circularly polarized light has been observed to induce the magnetization in solid-state materials through spin-orbit interactions [1] [2] [3] [4] . This technique has further been applied to the ultrafast magnetization switching, whose time is much shorter than that by an applied magnetic field 5, 6 .
When a light is irradiated on a surface of a three-dimensional topological insulator (TI), spin is predicted to emerge in the perpendicular direction to the electric field of the light [7] [8] [9] .
Here, a TI is an anomalous material with strong spin-orbit interactions. Electrons insulate in the bulk, while they conduct on the surface of the TI, where the exotic surface state of the TI is caused by both the spin-orbit interaction and the topological electric structure [10] [11] [12] .
On the surface of the TI, the direction of the spin and that of the momentum are perfectly locked to be perpendicular to each other, which is dubbed spin-momentum locking. Because of this spin-momentum locking, the charge current generated along the direction of the electric field causes the spin density in the perpendicular direction [7] [8] [9] . Such a manipulation of spin and charge current using a light may make it possible to develop magneto-optical devices based on TIs 7-9,13,14 .
So far, it has been theoretically predicted that in the presence of the spin-orbit interaction, unconventional photo-induced spin excitation and current emerge due to the spatial dependence of the strength of the electric field of the twisted light. However, the orbital angular momentum of the light is not transfered to the spin polarization since the beam waist is much larger than the width of the electron wave function, which is in the order of the lattice constant, and hence each electrons feels locally uniform electric field. Actually the experimental investigation of the photo-induced spin polarization 22 could not detect the orbital angular momentum dependence in the semiconductor with the Rashba and Dresselhaus type spin orbit interaction as an exception there is a theoretical prediction for cylindrical quantum disks 15 .
In this paper, we theoretically study spin and charge generation due to the electric field of the twisted light beam on a disordered surface of a doped TI by using the Green's function technique. We analytically calculate the linear response function of the spin density to a space-time dependent external electric field. We find that the local and nonlocal spin densities are induced by the electric field and the gradient of the electric field, respectively, via the spin-momentum locking. Here, the local spin density comes from the charge current that flows along the electric field, whereas the nonlocal one couples to the diffusive charge current due to the impurity scatterings on the disordered surface of the TI. In addition, the gradient of the electric field also induces the charge density and the spin current. Applying This paper is organized as follows. In Sec. II, we introduce the model Hamiltonian for the disordered surface of the TI in the presence of a space-time dependent electromagnetic field.
We also present the Green's functions on the disordered surface of the TI. In Sec. III, we calculate the induced spin density on the surface of the TI within the linear response to the applied electric field. Section IV discusses the general properties of the charge density, spin density, charge current, and spin current induced by the electric field on the surface of the TI.
Section IV discusses the properties of the twisted-light-induced spin and charge distributions.
Section V summarizes the paper. Appendices A-G give the detailed calculations used in Sec.
III.
II. MODEL
We consider a disordered surface of a three-dimensional TI and apply a space-time dependent electromagnetic field to it. We assume that impurities on the disordered surface are nonmagnetic. The Hamiltonian we consider is given by
where
L 2 is the potential energy density with N i being the number of the impurities, u 0 a constant, R j the position of the j-th impurity on the surface, and L 2 the area of the surface. Here, the contribution from the impurity potential is treated as the impurity average
To calculate the spin density and the charge density, we use the Green's function method.
In the absence of the electromagnetic field, the retarded Green's function is given by [29] [30] [31] 
Here, a variable with a hat denotes a two-by-two matrix. By calculating the self-energyΣ k,ω within the self-consistent Born approximation [29] [30] [31] and expanding it with respect k up to the linear terms, [30] [31] [32] Eq. (6) is rewritten aŝ
whereṽ F = v F /(1+ξ) is the modified Fermi velocity due to nonmagnetic impurity scatterings
) being a constant depending on the properties of the TI, and the imaginary part of the self-energy η = πn i u 2 0 ν e /2 defines the transport relaxation time τ = /(2η). Here,
2 is the concentration of the impurities on the surface and ν e is the density of states of electrons on the surface. Since we are considering a metallic state, τ satisfies /(ǫ F τ ) ≪ 1. By comparing Eqs. (3) and (7), we see that the effective Hamiltonian for the surface electrons affected by impurities is given by the right-hand side of Eq. (3) with replacing v F withṽ F . Accordingly, v F in Eq. (4) is replaced byṽ F .
III. SPIN AND CHARGE DENSITIES INDUCED BY AN APPLIED ELECTRIC

FIELD
We calculate the spin density induced by an applied electric field on a disordered surface of a doped TI by using the Keldysh Green's function method within the linear response to H em . The spin density s = 1 2 ψ †σ ψ is described by using the lesser component of the Keldysh-Green's function in the same position and time
where tr denotes the trace over the spin indices. Then, from the Dyson's equation for G < (x, t, x, t) the induced spin density within the linear response to H em is given by
where ǫ zνu is the Levi-Civita symbol,Π µν is the spin-spin response function, and q = (q x , q y )
and Ω are the momentum and frequency of A em,u (q, Ω), respectively. The response function Π µν can be decomposed asΠ µν =σ µΠν andΠ ν is represented bŷ
Here,Λ ν is the vertex function due to V imp , whose diagram is shown in the 
whereσ 0 is the two-by-two identity matrix and Γ is a 4 ×4 matrix defined from the following
Expanding Eq. (10) with respect to the retarded and advanced Green's functions,ĝ r and g a , based on the formula
, where f ω ≡ 1/(e β ω + 1) is the Fermi distribution function, the spin-spin response function can be divided into three terms:
Here,Λ AB ν (A,B = r,a) is defined bŷ
By expandingΓ rr ν andΓ aa ν with respect to q and Ω, we find that they are in the order of
can be approximated withσ ν (see Appendices A-C for the detailed calculation). Then, by expanding the Fermi distribution function with respect to Ω, the dominant contributions of Eqs. (15) , (16) and (17) are written bŷ
In addition,Π 
In the low-temperature limit, we approximate the derivative of the Fermi distribution function as f
We further expandΛ ra ν asΛ ra ν = α=0,x,y,zσ α Λ ra να , and rewrite Eq. (25) aŝ
Here, we defineÎ ζ (q, Ω) ≡ kĝ
, which is calculated up to the quadratic terms in q and the primary terms in Ω as (see Appendices A and B for the detailed derivation)
I ζ=x,y = πν e 2η ν=x,y
where ℓ =ṽ F τ is the mean free path. SinceÎ ζ=z is negligibly small as compared withÎ ζ=0
andÎ ζ=x,y , we consider only the contributions fromÎ ζ=0,x,y . Since Eqs. (27) and (28) do not includeσ z , they are represented by using the Pauli matrices aŝ
where I ζµ is the 3 × 3 symmetric matrix given by
On the other hand, from Eq. (18), the vertex functionΛ ra ν can be described bŷ
where the second equality holds when max{ ν |Γ ra µν |} < 1 is satisfied. By using 1 − iΩτ = 1 1+iΩτ 
from which we obtain the spin-spin response function aŝ
where we have used the fact that I and Λ ra are symmetric matrices. Thus, from Eqs. (9) and (34), the µ = x, y components of the spin density are given by
Substituting Eq. (33) in Eq. (35), we obtain
The second terms of Eqs. (36) and (37) can be described by using the charge density ρ e on the surface. Here, ρ e ≡ e ψ
, is obtained from the charge-spin response functionΠ 0ν =Π ν as
Here, E D is defined by the convolution of E and the diffusive propagation function D as
The diffusive propagation function D is also the Green's function satisfying the following differential equation
Equations (39) and (40) show that due to the impurities the effect of the applied electric field on the surface electrons is not instantaneous but diffusively propagates on the surface of the TI. Equation (40) gives the definition of such a nonlocal electric field. Suppose that the surface of the TI is isotropic, the gradient of the charge density is given by
which is related to the spin density [Eqs. (36) and (37)] as
On the other hand, the spin density on the surface of the TI is related to the charge current via
where we have replaced v F in Eq. (4) withṽ F so as to take into account the effects of impurities. By substituting Eq. (46) in Eq. (47), we obtain
We have confirmed that Eqs. (39) and (48) satisfy the charge conservation law:ρ e +∇·j = 0 (see Appendix F for the detailed calculation).
IV. PROPERTIES OF THE CHARGE, SPIN, CHARGE CURRENT, AND SPIN CURRENT DENSITIES
Using the results in Sec. III, we discuss the property of the charge, spin, charge current, and spin current densities induced by the electric field applied on the disordered surface of the doped TI.
A. Charge density
We find that as shown in Eq. (39) the charge density ρ e is induced by the divergence of the nonlocal electric field: ∇ · E D . Therefore, when we apply a uniform electric field, no charge density is induced. From Eqs. (40)- (42) we obtain the diffusion equation for the charge transport:
which indicates that the divergence of the applied electric field works as a source of the diffusive propagation of the charge density. We find that from the left side of the equation
2 ) ρ e , the diffusion constant is 2D, a twice of that on the surface of a metal 31 . The factor 2 comes from the difference in the self-energy due to impurity scattering:
The self-energy on the surface of an isotropic metal is given by πn i u 2 i ν e,m , where ν e,m is the density of states in the metal, whereas that on the surface of the TI is , which originates from the linear dispersion of the surface of the TI, leads to the coefficient 2D. Here, the diffusive equation of motion qualitatively agrees with the previous works [34] [35] [36] .
B. Spin density
We turn to the discussion on the spin density given by Eq. (46). We find that the spin density can be divided into the one induced by the local electric field E and that by the nonlocal electric field E D . We define the local spin density s (l) as the first term of Eq.
(46):
The local spin density lies in the xy plane and is perpendicular to the local electric field
, which is the consequence of the spin-momentum locking on the surface of the TI. The spin due to the local electric field is a kind of the Edelstein effect 37 . On the other hand, the nonlocal spin density
(z × ∇)ρ e , the second term of Eq. (46), is generated from the spatial gradient of the charge density. The direction of s (nl) is in the xy plane and perpendicular to the gradient of the charge density ∇ρ e . Here, s (nl) is also written in terms of E D as
which means that the spin density is generated by the second spatial derivative of the nonlocal electric field E D .
The nonlocal spin density diffusively propagates through the impurity scatterings on the surface of the TI. The diffusion propagation of the spin is described by
We find that the diffusion propagation of the spin is triggered by an inhomogeneous electric field, ∇(∇ · E). (This property is also predicted in Ref. 34 ). Hence, when we apply a uniform electric field on the surface, the nonlocal spin density is not generated. As in the case of charge density, the diffusion constant for the spin density is 2D.
We note that both the local and nonlocal spin densities are proportional toṽ F . Sinceṽ F 's on the top and the bottom sides of the TI have opposite signs, the direction of the induced spin on the top surface of the TI is perfectly opposite to that on the bottom surface of the TI, when we apply the same electric field on both the top and bottom side of the TI.
C. Charge current
The charge current on the surface of the TI is proportional to the spin density as shown in Eq. (47) 12 . The origin lies on the spin-momentum locking on the surface of the TI.
From Eq. (48), we find that the charge current j can also be divided into the local and nonlocal parts. The first term of Eq. (48) gives the local charge current j (l) = e 2ṽ2 F ν e τ E. j (l) is the electric current directly induced by the applied electric field. We find from the above result that the longitudinal conductivity is given by j µ /E µ = e 2ṽ2 F ν e τ , which agrees with the existing work 8 . The second term of Eq. (48) corresponds to the nonlocal charge current density j (nl) = −ṽ F ℓ∇ρ e . j (nl) is the diffusion current and is generated by the spatial gradient of the charge density on the disordered surface of the doped TI. The charge current can be rewritten by using the nonlocal electric field E D as
Since both the local and nonlocal charge currents are proportional toṽ 2 F , their directions are the same for top and bottom surface of the TI.
D. Spin current
Next, we calculate the spin current due to the applied electric field on the disordered surface of the doped TI. The spin current j α i is defined bẏ
where the subscript and superscript of j α i denote the direction of the flow and spin, respectively, and T α represents the spin relaxation. Using the Hamiltonian in Eq. (2) and the Heisenberg equation for s α , we obtain
Note that the direction of the flow and spin is perpendicular each to other. This is the consequence of the spin-momentum locking on the surface of the TI. We also note that the spin current is proportional to the charge density, and from Eq. (39), proportional to the divergence of the nonlocal electric field:
Hence, when we apply a spatially uniform electric field on the surface, no spin current is induced. Besides, we find that the spin current is an odd-function ofṽ F , which means the spin current depends on the chirality on the surface of the TI. Namely, the relative direction between flow and spin of j α i on the top side of the TI is opposite to that on the bottom side of the TI.
In the conventional spin-orbit coupled systems, the spin current is generated by an applied electric field [38] [39] [40] [41] [42] , which called the spin Hall effect. Besides, the generated spin current can be converted into the charge current via the spin-orbit interaction. 43 These effect can be understand from the coupling between the spin current and the charge current:
On the surface of the TI, on the other hand, we find from Eqs. (53) and (56) that the nonlocal charge current is proportional to the gradient of the spin current 32 :
Again, this is the consequence of the spin-momentum locking and Eq. (57) generally holds for the system of electrons on a surface of TIs 32 . This property in the TI is distinct from that in a conventional metal. The direction of the charge current is parallel to the spatial gradient of j α i . This relation is plausible due to the following reasons. First, the charge density ρ e is proportional to the spin current. Second, a diffusive particle current generally proportional to a spatial gradient of particles. We note that there is no relation between the spin current and the local charge current j (l) .
Finally, we comment on the property of the spin relaxation torque. The relaxation torque T α defined in Eq. (54) is obtained within the linear response to the electric field as
Here, T α can be divided into the local and nonlocal terms, which correspond to the first and second terms, respectively, in the first square bracket in the most right-hand side of Eq. (58). The local one is given by the time derivative of the applied electric field, and its direction is perpendicular to bothĖ and z. The nonlocal one is proportional to the second derivative of the nonlocal electric field E D . These above results and properties are the same as the spin density on the surface of the TI with magnetism 32 .
V. RESPONSES TO THE ELECTRIC FIELD OF A TWISTED LIGHT BEAM
Using the results obtained in Sec. IV, we discuss the properties of the spin and charge densities due to the electric field of a twisted light beam with various orbital angular momentum.
A. Electric field of a twisted light beam
First, we explain the property of the electric field of the twisted light beam with the Laguerre-Gaussian modes 24, 26 . We assume that the twisted light beam propagates along the z axis and the electric field of the twisted light beam lies in the xy plane at the top surface of the TI (z = z 0 ). The schematic of the system is illustrated in Fig. 2 . The twisted light beam satisfies the wave equation,
, where c 0 is the velocity of light in a vacuum. Then, the electric field E(x, t) = (E x (r, ϕ, t), E y (r, ϕ, t)) on the surface is written 
where r = x 2 + y 2 is the distance from the center of the light on the top surface (z = z 0 ) and ϕ = arctan (y/x) is the azimuthal angle. The helicity σ 
where the first term denotes Guoy phase, Here, E is given by
In the following discussion, we consider only the p = 0 modes. We also assume that the twisted light beam is focused at the surface of the TI, i.e., z 0 = 0. Then, the phase Θ R becomes zero, and the magnitude E defined in Eq. (61) reduces to The topological properties of the twisted light beam discussed above can be understood by introducing the winding number of the electric field. In general, the winding number of a 2D vector field n = (n x , n y ) on a closed loop C is defined by
where ǫ ij is the 2D Levi-Civita symbol, and |n| is supposed to be nonzero on C. 
B. Charge density
We consider the charge density due to the electric field of the twisted light beam on the disordered surface of the TI. The setup we consider is schematically described in Fig. 2 .
The induced charge density ρ e is given by Eq. (39), which can be rewritten as
By using Eq. (59), ∇r = r/r = (cos ϕ, sin ϕ) and ∇ϕ = (z × r)/r 2 = (− sin ϕ/r, cos ϕ/r) the divergence of the electric field for σ z L = ±1 is given by
Then,ρ e becomesρ e (x, t) = −2e
L denotes the total angular momentum of light. We further simplify Eqs. (65) and (66). First of all, these equations are valid only for Ωτ ≪ 1. This condition means that the period of the oscillation ofρ e , which is the same as that of the electric field, T = 2π/Ω, is much slower than the electron relaxation time τ .
On the other hand, the length scale of the spatial variation ofρ e is in the order of the beam waist d 0 [see Eq. (61) and Fig. 3 ], which is comparable to the wavelength λ of the light.
Since λ satisfies ℓ/λ = 2πℓΩ/c 0 = (2πṽ F /c 0 )Ωτ ≪ 1, the spatial variation ofρ e is much slower than the mean-free path ℓ, where c 0 is the speed of light and we have used 2πṽ F ≪ c 0 for realistic TIs 44 . Then, since τ and ℓ determines the decay time and decay length of the diffusion propagator D(x, t), respectively,ρ e (x − x ′ , t − t ′ ) in the integrand of Eq. (65) can be approximated asρ e (x, t), and the convolution can be approximately described by 
C. Spin density
We turn to discuss the spin density induced by the electric field of the twisted light beam in the same setup as that considered in Sec. V B. As discussed in Sec. IV B, the induced spin density can be divided into the local and nonlocal ones as s = s (l) + s (nl) . The local spin density s (l) is described in Eq. (50) and its snapshots for several m z L are shown in Figs.
5(a1)-5(d1). The direction of s
(l) is perfectly perpendicular to the electric field. We find that the dynamical vortex-like spin structure is generated by the twisted light beam and the winding number of the local spin density, which is defined by Eq. (64) with n = s (l) , is identical to that of the electric field, 
D. Charge and spin currents
The profile of the charge current is similar to that of the spin because of the spin momentum locking on the surface of the TI. In Fig. 6 , we show the snapshots of the charge current for various angular momentum of light, where left (right) four panels depict the local (nonlocal) components. Reflecting the relation j z × s, the magnitude of j (l,nl) has the same profile as that of |s (l,nl) |, while the direction of j (l,nl) is obtained by rotating s (l,nl) by −π/2 about the z axis. As in the case of the spin density, the local (nonlocal) part of the charge current is related to E (∇ · E) and hence its configuration is mainly determined by respectively. In fact, they are related to each other via Eq. (57) and only the nonlocal charge current couples to the spin current.
VI. CONCLUSION
We study the charge density, the spin density, the charge current density, and the spin current density induced by a twisted light beam shined on a disordered surface of a doped TI by using the Keldysh-Green's function method. We have discussed the responses of charge and spin to the space-time dependent electric field. The obtained results are summarized in Tab. I. The effect of the electric field on the electric charge is twofold. First, it induces a charge current along the direction of the electric field. Second, the inhomogeneity of the electric field causes a gradient of the charge density, which then leads to a diffusive charge current. We call the former the local charge current and the latter the nonlocal charge TABLE I: Dependence on the applied electric field E of the induced charge density ρ e , spin current density j α i , spin density s, and charge current density j on a disordered surface of a doped TI, where E D is defined in Eq. (40) . The most right column is the winding number of the spin density and the charge current density (which are identical due to the spin-momentum locking).
In the distribution of the nonlocal part of s and j, several vortices appear, each of which has the winding number +1 or −1. The configuration of the vortices is determined by the total angular
current, based on whether the charge current depends only on the local electric field or is affected by the nonlocal one. Since the spin and momentum of electrons on a surface of a TI are locked to be perpendicular to each other, the emergence of the charge current implies that the spin density is induced in the perpendicular direction to the charge current. Our calculation based on the linear response theory gives the analytic description for the local and nonlocal spin densities as well as the local and nonlocal charge current densities. We also find that the induced charge density also gives rise to a spin current, which is related to the nonlocal part of the charge current via Eq. (57).
By taking into account the spatial and temporal configuration of the electric field associated with a twisted light beam, we have shown that various types of spin vortices arise.
Since the local spin density is perpendicular to the electric field, their winding numbers are identical and determined by the product of the spin and orbital angular momentum of the twisted light beam. In this paper, we have assumed that the time and length scales of the diffusion of electrons is much faster than those of incident light. In such a situation, we can approximate the nonlocal electric field with the bare electric field, and the nonlocal quantities are described using the divergence of the electric field. Thus, the configurations of the nonlocal densities and currents are determined by the total angular momentum of the twisted light beam. We estimateÎ µ in Eq. (26) by expanding with respect to q and Ω and by using the Green's function
where we use the short hand notationĝ r k ≡ĝ r k,ω=0 .Î µ is decomposed into four terms aŝ
In Appendix E, we list useful formulas for the integral of the Green's functions, which are used in the following calculations. 
, and h * are defined by
D r and D a are the even functions of k.Qσ µQ † is represented bŷ
The first and second terms are corresponding to the even and odd functions of k, respectively.
In the following calculation, we simply assume that the surface of the TI is isotropic as a function of k:
. By taking an average over the direction of k, k , in Eq. (A12) and using k ℓ k = 0 and
The second term in the above equation becomes
Thus, we obtainÎ
The integral of Eq. (A16) is obtained by
where ν e = ǫ F 2π 2ṽ2 F is the density of states on the surface. Here, the above integral is given
In the above equation, we have used log z = Log|z| + i arg z, where z = a + ib = |z|e iθ ,
and
Eq. (A17) can be estimated around the Fermi energy
2. Calculation ofÎ
To calculateÎ
2 into the even and odd functions of k.
The first and second terms of the above equations are the even and odd functions of k .
Then, we have
from whichÎ
(1)
3. Calculation ofÎ
By using Eq. (A30),
Here, Q † k and k ξQσµQ † k are given by
Here, hσ µσu ± h * σ uσµ can be transformed as
As a result,Î
µξ is obtained bŷ
4. Calculation ofÎ
µξξ ′ in Eq. (A5) is represented by using the partial integral aŝ
In order to consider
we use the following equations:
The average of k inQσ µQ
Here, we have used
µξξ ′ is given bŷ
µξξ ′ is given by using equations in Appendix E aŝ
Using q α q β ǫ αzµ ǫ βzν + ǫ βzµ ǫ αzν + δ αβ δ νµ = q α q β 3δ αβ δ νµ − 2δ αν δ βµ , we obtain
µξξ ′ is obtained bŷ can be expanded with respect to q and Ω within qℓ ≪ 1 and Ωτ ≪ 1 aŝ
1. Calculation ofÎ
We will calculateÎ
The above equation can be estimated around the Fermi energy,
(1) 0
h + h * = 2ǫ F , and h
0ξ in Eq. (B4) is obtained bŷ
Here, we have used the following equations
The average ∂ĝ r ∂kα ∂ĝ a ∂k β k is reduced to be
After we integrate the above equation as a function of k, we obtain
Thus, q ξ q ξ ′ I
0ξξ ′ becomes q ξ q ξ ′ I
0ξξ ′ = − [i( ω + ǫ F ) + η]δ ξµσz (µ = x, y) To check validity of our results, we substitute the charge current and charge density in Eqs. (48) and (39) 
Therefore, ρ e and j follow the charge conservation law,ρ e + ∇ · j = 0. 
45 Using 2τ = 1 2 πν e n i u 2 0 , ν e = ǫ F 2π 2ṽ2 F , andṽ F /v F = (1+ξ) −1 , we can obtain the relation: ξ(1+ξ) 2 = 4πǫ F τ . Because of ǫ F τ ≪ 1, ξ < 2πǫ F τ becomes negligible small asṽ F /v F = 1 + o( ǫ F τ ). Streakily speaking, there is no problem to takeṽ F ≃ v F .
